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Parameter Tuning of Whale Optimization Algorithm
Using Taguchi Orthogonal Array

Michio INNAMI*!

(Received *##% % 2024)

Metaheuristics are methods that give quasi-solutions to optimization problems not lim-
ited to particular classes. Swarm intelligence is a sort of metaheurisutics. A swarm is
consisted of numerous individuals which behave according to simple rules and share in-
formation among them. The search processes are conducted efficiently as a swarm. Many
methods have been proposed so far, e.g. Particle Swarm Optimization and Artificial Bee
Colony. Whale Optimization Algorithm (WOA), inspired by the foraging behavior of
humpback whales, also belongs to swarm intelligence. It is reported that its search per-
formance is excellent especially for functions with a large number of dimension. It has
only a few parameters to determine, which affect the performance. Consequently it is
important to set them properly. This study treats parameter tuning of WOA. In addition
to above parameters, several coefficients as constants used in WOA are also taken into
consideration for optimizing. If there are many variables required to be determined, it
complicates the numerical experiments of all combinations of the parameters. Thus the
Taguchi orthogonal array is employed that allows reducing the number of experiments
substantially. Four benchmark functions, existing all combination of either unimodal
or multimodal and either separable or non-separable, are selected for parameter tuning.
The results showed that the combination of the population size and the number of itera-
tions affects largely the search performance. WOA yielded the best capability when the
population size is 5 and the number of iterations is 500 among the specified levels. The

other parameters and constants made no clear significant differences.

1. Introduction amount of computation increases exponentially as
Mathematical programming") is a method for solv- the scale increases.

ing optimization problems, providing exact solutions. Another approach to optimizing solutions is

However, it is only applicable to limited problem metaheuristics?). They are inspired by various nat-

classes, and is not practical for problems where the ural phenomena. The search processes are carried
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out through a kind of trial and error iterations. Al-
though it is almost impossible to find exact solutions
with metaheuristics, the problems are not limited to
specific classes. Moreover, practical approximate so-
lutions can be yielded with much less computational
burden.

In the category of metaheuristics, there exist sim-
ple algorithms, e.g. Mountain Climbing Method, An-
nealing Method® and Tabu Search (TS)%. Another
type is called evolutionary computation. The lat-
ter is further classified into evolutionary algorithms
and swarm intelligence algorithms. One of the most
well-known evolutionary algorithms is Genetic Algo-
rithm (GA)®, which imitates the evolution of genes.
Swarm intelligence is a technique for exploring op-
timal solutions as a swarm, in which each individ-
ual behaves according to simple rules and shares in-
formation among the others. Particle Swarm Op-
timization (PSO)G) is a typical swarm intelligence
algorithm inspired by the behavior of a swarm of
birds or fish. Artificial Bee Colony (ABC)”) mimics
the foraging behavior of bees. Besides, there exist
Artificial Immune System (AIS)®), Ant Colony Op-
timization (ACO)?, Cuckoo Search (CS), and many
more.

Whale Optimization Algorithm (WOA)'®) also be-
longs to swarm intelligence, proposed by Mirjalili
and Lewis in 2016. It was inspired by the foraging
behavior of humpback whales. It is reported that
WOA is especially excellent in searching for a global
extreme value of a function with a large number of

dimension!?)

. This algorithm has only a few parame-
ters required to be configured, whereas there are also
several coefficients as constants. If the parameters
are not properly determined, the algorithm cannot
perform sufficient capability.

This study attempts to achieve parameter tuning
of WOA to optimize its search performance for sev-
eral benchmark functions. The constants are also
applied to be tuned. An orthogonal array based on
the Taguchi method'? is employed to efficiently run
numerical experiments.

The rest of this paper is structured as follows. The

next section overviews WOA. Section 3 describes
problem settings, while Section 4 presents optimiza-
tion results and discussion. Finally Section 5 con-

cludes the paper.

2. Whale optimization algorithm

Humpback whales have a unique method of forag-
ing prey, called bubble-net feeding'®. They work in
groups, searching for schools of krill or fish near the
surface of the ocean. They first dive to a depth of
12 meters approximately, then they release bubble in
a spiral shape and swim up to catch up with their
prey.

WOA mimics their behavior. An objective func-
tion is to be prepared, for evaluating the excellence
of the solution. Solving an optimization problem is
to find a set of design variables that makes the value
of the objective function, called fitness value, maxi-
mum or minimum. The position vector Y(t) of each
individual that simulates an whale in a swarm repre-
sents a candidate solution for design variables. The
argument ¢ means the number of iterations at the
point. The position vectors of all the individuals are
randomly placed in the search space as initial values.

In each iteration, the individuals are updated as

follows :

1. The coeflicient vectors Egs. (1) and (2) are de-

termined by an uniform random vector r in the

range of [0, 1].
T T S
A=2a -1 —a (1)
- =
c=2r (2)
_>

where a has an initial value of 2, decreasing lin-
early to zero at the final iteration. Z) tends to
decrease the value of |Z| as the iteration pro-
ceeds. The operator “-” denotes an element-by-

element multiplication.

2. Each individual is updated its position vector to

)7(15 + 1) described as below, depending on the
_>

values of p and A, where p is a uniform random

number in the range [0, 1].



Table 1 Benchmark functions

Function  Property Definition (i :Dcl)n.lé.mn) Optimal value
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Fig. 1 Shapes of benchmark functions (n = 2)

%
e Ifp<0band |A] <1

This phase imitates encircling prey. Each indi-
vidual searches in the vicinity of an individual

with most outstanding fitness value.

B:‘B?*(t)—?(t)‘
X(t+1)=X"t)-A-D

3)
(4)

?*(t) is the position vector of an individual
which has the best fitness value in the ¢-th iter-
ation.

%
o Ifp<0.5and |[A|>1

This is an exploration phase where each individ-



ual searches in the vast search space.

D= ‘8 X pand — )?(t)’ (5)
X(t+1)=Xeama— A-D (6)

}mnd is the position vector of an individual ran-

domly chosen in the swarm.

e Ifp>0.5
This is an exploitation phase that mimics the

whales spiraling to chase prey.

D= [X+t) - X (7)
?(t +1)= Dot cos(2wl) + Xk*(t) (8)

b is a coefficient specifying the shape of the loga-
rithmic spiral and [ is a uniform random number

in the range [—1, 1].

3. Above processes (1 and 2) are repeated until the

final iteration is reached.

3. Problem settings
3.1 Selection of benchmark functions

Functions can be classified according to their char-
acteristics. There exist unimodal and multimodal
functions. The former have only one extreme value,
whereas the latter have more than one. In general,
the latter are more difficult to search for the best
solutions because they tend to fall into local optima.
There are also two types of functions whether their
variables are separable or not. The latter are harder

to solve in most cases.

Table 2 Factors and their levels

Factor Level
1 2 3 4 5
A Population 5 10 20 50 100

%?fmber, 500 250 125 50 25
of 1terations
B ag 1.0 1.5 2.0 25 30
Cc P 0.3 04 05 06 0.7
D b 0.2 0.5 1.0 1.5 2.0
E  lnax 0.6 0.8 1.0 12 14

Four benchmark functions'®) are selected as ob-
jective functions for parameter tuning of WOA as
shown in Table 1, all having a global minimum in
their domains. All combinations of unimodal or mul-
timodal, and separable or non-separable, are pre-
pared. Sphere and Brown functions are unimodal,
while Alpine 1 and Salomon functions are multi-
modal. In terms of variable separation, Sphere and
Alpine 1 are separable, Brown and Salomon are non-
separable. The shape of each function with two-
dimensions is depicted in Fig. 1. Brown function
is shown in domain limited to —1 < ax; <1(i =1, 2)
in the figure, because the function value increases
rapidly when x; exceeds 1, making it difficult to
grasp the shape around the global optimum.

Table 3 Orthogonal array Los(5°)

Exp. No. Level

A B C D E

1 1 1 1 1 1
2 1 2 3 4 5
3 1 3 5 2 4
4 1 4 2 5 3
5 1 5 4 3 2
6 2 1 5 4 3
7 2 2 2 2 2
8 2 3 4 5 1
9 2 4 1 3 5
10 2 5 3 1 4
11 3 1 4 2 5
12 3 2 1 5 4
13 3 3 3 3 3
14 3 4 5 1 2
15 3 5 2 4 1
16 4 1 3 5 2
17 4 2 5 3 1
18 4 3 2 1 5
19 4 4 4 4 4
20 4 5 1 2 3
21 5 1 2 3 4
22 5 2 4 1 3
23 5 3 1 4 2
24 5 4 3 2 1
25 5 5 5 5 5




Table 4 Experimental results with the orthogonal array

Exp. No. Level Median fitness value

A B C D E Sphere Brown Alpine 1 Salomon

1 1 1 1 1 1 2.514E-24 8.395E-24 9.322E-27 9.987E-02
2 1 2 3 4 5 9.281E-49 5.350E-57 5.210E-35 1.386E-24
3 1 3 5 2 4 1.804E-38 1.338E-41 3.197E-27 3.733E-16
4 1 4 2 5 3 2.765E-52 8.771E-56 3.859E-38 1.456E-26
5 1 5 4 3 2 2.190E-47 2.666E-50 4.507E-30 1.140E-22
6 2 1 5 4 3 1.449E-24 1.047E-24 3.613E-17 1.405E-10
7 2 2 2 2 2 8.622E-31 3.070E-33 9.620E-23 2.236E-13
8 2 3 4 5 1 2.706E-24 2.915E-28 1.732E-18 5.249E-13
9 2 4 1 3 5 9.626E-32 6.074E-33 7.320E-25 1.017E-13
10 2 5 3 1 4 4.426E-27 1.614E-25 2.768E-18 5.439E-12
11 3 1 4 2 5 8.343E-16 3.336E-15 1.155E-09 1.294E-05
12 3 2 1 5 4 1.013E-21 2.456E-21 7.372E-16 9.987E-02
13 3 3 3 3 3 2.174E-18 7.939E-21 1.699E-11 9.987E-02
14 3 4 5 1 2 7.152E-15 7.260E-16 4.295E-09 9.987E-02
15 3 5 2 4 1 2.232E-20 1.071E-21 7.820E-14 9.987E-02
16 4 1 3 5 2 4.259E-09 3.975E-10 6.878E-06 9.987E-02
17 4 2 5 3 1 3.476E-07 1.832E-08 1.628E-04 9.987E-02
18 4 3 2 1 5 1.087E-07 1.625E-08 6.888E-05 1.999E-01
19 4 4 4 4 4 2.414E-08 5.705E-09 8.095E-05 9.987E-02
20 4 5 1 2 3 5.954E-08 2.037E-08 8.898E-05 2.999E-01
21 5 1 2 3 4 3.314E-04 1.010E-04 1.349E-02 3.999E-01
22 5 2 4 1 3 8.996E-04 8.942E-05 3.863E-02 4.999E-01
23 5 3 1 4 2 2.683E-04 7.712E-05 2.344E-02 3.999E-01
24 5 4 3 2 1 5.785E-04 9.082E-05 3.218E-02 3.999E-01
25 5 5 5 5 5 1.884E-04 7.194E-06 6.289E-03 2.999E-01

3.2 Parameter settings

Most optimization algorithms have several param-
eters required to be determined properly. Setting
these values is significant because they affect the
search performance. However, there are no distinct
criteria of determining the values. In practice, they
are thought to be in most cases determined by trial
and error.

WOA algorithm has only a few parameters to be
determined : population size, the number of itera-
tions and b in Eq. (8).

This study attempts to determine the proper pa-
rameter values for the optimal performance of WOA.
It is noted that in WOA, a in Eq. (1) is set to 2 as ini-

tial value, [ in Eq. (8) is an uniform random number

in the range [—1, 1], and the condition for select-
ing Egs. (7) and (8) is p > 0.5. Here, let the initial
value of a to ag, [ to in the range of [—Imax, Imax] and
p > P instead of p > 0.5. Above coefficients, i.e. ag,
lmax and P, are also tried to be tuned. Each factor,
namely parameter is assigned five levels as shown in
Table 2. The levels are determined as follows : As for
factor A, the sets of population size and the number
of iteration are selected such that their products are
2500, of which the computational costs are consid-
ered to be the same among all the levels. Since ag
and P are originally set to 2.0 and 0.5, respectively,
smaller and larger values are added as their levels.
For b and I, the intermediate values of the levels

are both set to 1.0.
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The number of the combinations of all levels is
5° = 3125, which is not practical to conduct all
the experiments. The orthogonal array based on the
Taguchi method leads to reducing experimental op-
erations. If each factor is considered independent of
the others, the interactions can be ignored. In this
situation, an orthogonal array allows the application
of minimal combinations. For each level of any col-
umn, i.e. factor, all levels of the other columns ap-
pear the same number of times. This is an orthogo-
nal relationship. Thus for a certain factor, the effects
of the other ones cancel out because they are aver-
aged. By analysis of variance, the results obtained
from the orthogonal array lead to the optimal levels.

According to the orthogonal array Los(5°) shown
in Table 3, the combinations of levels addressed in
this study are assigned and are reduced to 25 types
of experiments. Here, each experiment is repeated
15 times. The interactions between the factors are
not considered. The dimension of the benchmark

functions is set to n = 30.

4. Results and Discussion

The experiments were conducted according to the
orthogonal array for four benchmark functions. Ta-
ble 4 shows the medians of the fitness values obtained
in each experiment. Fig. 2 depicts the main effect
plots which indicate the geometric mean of each level
of each factor derived from Table 4, to show the effect
of the each level of the factor, excluding the effects of
the other factors. A, B, ---, Eand 1, 2, ---, 5 denote
the factors and the levels, respectively. The dashed
lines indicate the geometric mean of each factor. The
information on analysis of variance for each function
on logarithm of the data is summarized in Table 5.
Df, Sum sq, Mean sq, and Res stand for Degree of
freedom, Sum of squares, Mean square, and Resid-
uals, respectively. The degree of freedom for each
factor is four, that means subtraction of one from
the number of the levels. The F-value indicates the
amount of difference between the levels, while the P-
value corresponds to the F-value. If P-value is equal

to or less than 0.05, the difference is significant at

5% level'®).

Above results represent that the combination of
the population size and the number of iterations
makes the differences significant in all the functions,
and that the values of 5 and 500, respectively, show
the best search performance among the specified lev-
els.

In WOA, the update processes are more diverse

than other swarm intelligence algorithms, e.g. PSO

Table 5 Information on analysis of variance

(a) Sphere
Df Sum Sq Mean Sq F P
A 4 4757  1189.3 87.575 0.00038
B 4 172 429  3.159 0.14563
Cc 4 99 24.8 1.829 0.28652
D 4 153 38.2 2812 0.17031
E 4 111 27.7  2.043 0.25302
Res 4 54 13.6
(b) Brown
Df Sum Sq Mean Sq F P
A 4 5398 1349.5 93.792 0.000332
B 4 256 64.1 4.453 0.088564
C 4 154 38.6 2.680 0.181418
D 4 249 62.2 4.324 0.092600
E 4 138 34.5  2.399 0.208701
Res 4 58 14.4
(c) Alpine 1
Df Sum Sq Mean Sq F P
A 4 2813.0 703.2 733.419 5.56E-06
B 4 55.1 13.8 14.373 0.0121
C 4 59.5 13.9 14.460 0.0120
D 4 46.6 11.7  12.160 0.0164
E 4 16.0 4.0 4.181 0.0974
Res 4 3.8 1.0
(d) Salomon
Df Sum Sq Mean Sq F P
A 4 1215.6 303.90 14.436 0.012
B 4 73.4 18.34 0.871 0.552
C 4 90.1 22.52  1.069 0.475
D 4 87.4 21.85  1.038 0.486
E 4 89.9 22.46  1.067 0.476
Res 4 84.2 21.05




Table 6 Optimal level of each factor

Factor Sphere Brown Alpinel Salomon
A Pop. size 5 5 5 )
Iteration 500 500 500 500
B ag 1.5 1.5 1.5 2.5
C P 0.4 0.4 0.4 0.4
D b 2.0 2.0 2.0 2.0
E lnax 1.4 1.4 1.4 1.4

and ABC, thus the smaller number of population size
seems to have been sufficient. Whereas, a small num-
ber of iterations is not enough to obtain good solu-
tions. That indicates when computational resources
are limited in a case like this, a larger number of it-
erations is more preferable than a larger population
size. Except for Alpine 1 function, there were no
other significant differences in other factors.

Table 6 shows the optimal values for each factor
derived from the numerical experiments. The set of
the values for each function in Table 6 supposes to
make the search performance optimum within the
specified levels if the interactions of the factors are
ignored. The value of ag (factor B) for Salomon func-
tion is different from the other ones, however, that
is insignificant because the P-value in Table 5 (d) is

much larger than 0.05.

5. Conclusion

This study attempted to optimize the parameters
of WOA, with five levels for each of five factors. Con-
sequently, the population size and/or the number
of iterations made the difference significant among
their levels, for all the benchmark functions whether
unimodal or multimodal, separable or non-separable.
The results showed that a larger number of iterations
is preferable to a larger population size. It revealed
population size of 5 and the number of iterations of
500 lead to the best performance among the specified
levels. The other factors made no clear significant
differences. Moreover, the orthogonal array based
on the Taguchi method enabled to perform efficiently

the numerical experiments.

In future work the author would further examine
the cases where the products of the population size

and the number of iterations are larger.
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Research reports of Kesen carpenter Hanawa Kikuzo had been conducted by Tsuneo Takahashi. However, no continued
research has been conducted since then. This survey examines and organizes existing documents such as design documents
and specifications for Hokkaiji Temple regarding the construction work of the main hall of Hokkaiji Temple, of which
Kikuzo Hanawa was largely involved in the construction of shrines and temples in Hokkaido.
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Problems with Shear Beam Finite Element Models

derived from Variational Method based on the Energy Principle

Toshinaga WADA™, Keiichi INOUE*, Michio INNAMI* and Yoshihiro MOROSAWA *!

(Received OO ,2024; Accepted for Publication O ,2025)

In the previous paper, S-model was developed by the authors. This model takes into account slip between
the steel bar and concrete in Kawai model. This Kawai model was incorporated shear displacements into a
conventional simple beam model. Analysis of cantilevered beam using the S-model showed that displace-
ments were able to calculate under the bending mode, but the solution diverged under the tensile mode.This
divergence is predicted to be due to the coupling term of the finite elements derived from the variational
formula. This coupling term refers to the coupling between axial displacement and shear displacement. As
far as the authors have been able to find, there does not appear to be any paper discussing the above coupled
terms in Kawai-model. In this paper, the problem of the coupled effect between axial and shear displacements
in Kawai-model is presented and the verification method is explained. One of the verification methods is the
analyses of the effective digits of the finite element stiffness matrix. And then, another methods are to study

the influence of the number of divisions and element aspect ratio in the finite element model on the solution.
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AW ZENL O % JEAE L 725D 7 /L (un-coupled
model, Uc-model & k94~ %) 7 2 EEICERA L T
WD, ZOEKHDELR O I ON T i T
WRNWESTHD.
B, TR LIZE D WDNHFET NV EFRRT S
BE, TRO2OOFTANDDHZ LIk D.
1) Fc-model : full cupled model
1) Uc-model :un-coupled model
Afa L, NHFETAVOMESICO VN TRd L,
S BITIFENROT 7« IS O il FIEIC it 5 Z
EERAME LTS, ok, Z I TIEIABIETOEK
T BN DWW TIERER LRV ®, GRS TiE7e<
J— MO TR L TWD Z LA2BIWY LTEHL.

2. NIFAETLOER LD

FRDONFFET VN DRI, ETINETO
D ETNVOEEZHRN T T 5.
2.1 HFERBICKBETIL

ffF21T 0 T VO MIE R, Bernoulli-Euler |Z
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B fl 2 N 28 AW =5 LY 2B L. o
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L, Bl 2. Timoshenko O AWHE Y ET /L Th->Th,
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Fr e IEREIZFLR LTV D S UL S WO EED.
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ek, Fbhyv EHAUMEMNWEEE ST DHES
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3.1 JI#EETIL (Fc-model, Uc-model) DIREEFi%

FHLOS a7 ) — NEAWIEY ET L (i
" D S-model THD) 1%, B LIZEEY, JIFH
5 /L (Fc-model ) [ ZH7-I1C#kfr e 227V — M
DT RIS HEHEMAAALTE DO THDH. 2O
TR ENL S X, ®GANCIR o - BRI a b
THALTHY, FSILLEAMEMNDO—DTH-
T, FIRFCEGFAEMTH D EMRINS. be X
v, JIFHEF /L (Fe-model ) @45 4 IH o8 pi 12 [
B H AT, A S-model |23 1F % $k%5 o> il 7 1) 2857
wy, TR0 S, AL W ORI b i D FEHEL
ERINBAETHZ 7220, JIIHET /1 (Fe-model
) ICBTLEAHOWMVBNTIEETHS.

ARTI, YROZLRND, TR B
ZHUCEASSENEDOER Zim L 52 0 ILEHR
V. BRI, B ETHLEE D B NRIT AN
L0 THNLELNEERBICGEES, Th
L LCEY Th S, ML, JIHEET L (Fe-
model ) ODAREHREL LTOZYMETHY, T
fEAR DR 5 BV ITHRREY & 2 245720,

B2 70, —BORFERET L, I HIT
E=RIEDOH RER O ICINT, Eo3iENnbHE
D, BER S AT D ER NI K o THB
THZLEFRWEYIThD. Bz, FH4HEEMEL
72 Uc-model Tl SN AR ELNHZE L TH,
Z DOEFEERAEITI D2 D S DR DN S S
N &3V EHI>THS, 2FED, HAWNIIY D
OPTHTFAF—DES IV ELNTEKIEE 7 L

WEEET, FPEE A A U 7oA TREFR ORI
& BUEMAT EORGEZ R TITMEHT 5 2 & IT&FF
DOMBERNET 2 Z LIFRETERNE S ICED
NTRLRD. BVIELOMFAIC/R DN, bl L
% Uc-model ~D BB AEHT - DK FEIRFEN B2 72 Z
LIIMETHDHEFZD.

11 BB ETILORE

WEOITYETNARLYEET VE WA IRESR
fRIL, EfEEF - TEBEINTEY, ZO#ELmnE
IFIREETH D, JFHET VL, #ITFIEVET VO
BElE & IS T VOIS - AR ETZERE O
FEAETDHED, XV ET/VEFmET VOB
EREFEMLTHOERVWE I ICEDNLD. Sz
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HBPFDLO>THL-TWDHEBERADEAD. ZDZ
EMG, JIET NV OETEZEE/E O RS 2 dh 1X
DETNAREHEICSET IV E WIS 5 2 LiX, T
FiELE, BERHDHZ DX HITHBIsND.

I ZITARRIE T D) JIIFHEEF L (Fe-model, Uc-
model) OB L 2) —MKHIZRIZY ET L ORI
(2 3) IS IIET VO L Bl - L, IR
E7 /L (Uc-model) DFEHTHREEE & 22T ReME Ot 7 %
MEELTEWEZE X TND.
12115 EBEH (Sv0) DEE
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BEROMIME~ N v 7 ZENTOREKR, S HIZIZHI
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END. THRAF—[FEICHESENRTHFL L
TOHMRERE LTEE->TBY, EFIEEIIC
R 72 G BRE R DOE S BII AR LR & s s
7o), B OGIEE— R TN COMOFHIL, FbnE
FRSEE FoREEE 2 D, ERNTIUL, £
ICECF A RIS ST L TR0 A, Hl
A ORRAER R BRI K S T R EBLSR Bl
SNTWNDHEEIZLETHD.

SHITh I —ODELDHMITL, Lo bAR
FLRORERNET VDMER S VT2 BT, SR AE
DECTWDATEERTORNZEThHDH. Zhvk
W92 I121E, AAFIEIC X D RREEREF 2 f0 B i
LT, BRERITHBTSZ &2k d.

EHOIL, ARERMITOLENEEDTZDHIT a)
Gauss-Johrdan 3% % 47 B 3 & 4% % 2\ ® band matrix |2
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HDHZ LTS ETTHDH. LaL, T ZTsolv-
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RWEE 25, o7, JIIHET LD (Fe-model)
FrbEL, A EoBER T Cixze <, Jeicfih
Ni- X912, R0 5 DA RIS ORI R—EH
HOLREMELRETE VL ) ICEDbNS.

JIFHE TV (Fe-model) DA RERZDOMIME~ F Y v
7 AL, n X n (22 n 1 XA TRERE O B @ E
Thh, BEMBTHD) ODIEAF~ M) vy 7 AL X
M, & DOIREOAFIEIIATHIADHENIETH S TIEEE)
ERDHIETHD. O LTS T RO
BATHI T HMME~ N v 7 A0 (LLF, F v
7 LRLR T %) e (LR, AT 7 LIES) &
HZLERETHD. THRERDDHZ L LD
LTI OBREBIIES THY, AL TIIHE R
Gauss DIFEILENG ER v MHEIZ X 2170 AN
BB LTIV IERETDHZI LT D, ok,
T ZIZONWTIERIBREF L LTTRRRO L S e
FMEBIfR RSN, ZTOHEIZE > TRBIES 5.

[ I ] rankA=n 3D NLOGE (T 7)
(1 17818 A= 0 (EE)
2) AIZERITHD
(3) Ax=0XBEHfEDO I % FFD
[ 0] rankA # n (rankA < n) OBEE
() 1751 Al =0
(2) AVFERITEZW
(3) Ax=0I3IFEPAMEFO

IOIZT U7 OFBELY, ZOMED n-m LU,
A5G- 038 % ot RO ERNTM R ST, ZEL
T a 135 7i2iE, ThbblE~ ) v 7 2D

BRI &G 723 72012, m B OSRED R INZHRT 5.
KDY, T 73NEET N OIEE SR HE TR
EDORIECHAHTHLZ 2 MD.

kLT T, JIIFEET L (Fe-model) 254550
5 4 I A& K P% & 72 Uc-model O 7 > 7 BiE %
1TH>0EHH5D. b L Ucmodel N7V 7 &7
Bl WHMEN w & AMELLW & O AR A
RERLEETHHERTHDZ ERHLNITIN,
Fc-model 235fT5H, & (¥ F) OEWTHIE L THERR
SNTWDLZENRELND Z &I D,

Wz, FeDfcbdhv EEAMENNW & OB E R
TH S HIZOWTHEHT 2. JIFHE, 130 oAk
B &b L - THEL D HHMAR WO RER 2
FoTRBTL2ZLICMARDD EEZ, i
ETAH72DICEAMENW 21TV BEERIGEA L.
CHNEVESHOERNER SN TEY, ZOHD
Kamx, MIHETABINIFET L TERLIRDH T &
ZEWL, Bz dh T RIEICS W TS 28 AT
HIIARICFH G LianwZ L eRb, ZOZ LD
HARHE LOTE SHOESNIL, b IVEHELD
FRAEEDALE S %.

3.2 HAMITY ERDEEREN

JIIHET /v (Fe-model) Tix, H4HDFENH
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T AHAE YT 5 2 L CRES TS, LinLE
I ThHh-oTh, HMEN &AWL D%
)~ 72 Uc-model DHE 5 FENZ DU CARMEIA 22505y
PEY RS TE B, BT o mER
FELRRED RIRE AU DWW T S .

.2.1HIE= b vy RDOEF EMEMN

AIRBERZROMIME~ NV v 7 2 ATERPATHITH
52 EMEL, T VL 2T B, A8
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R AT TR P P E gy B D Z E BN TE
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bINERMTDLI L L5,

AN Epgig 271521203, HIME~ FY v 7 2 A
DM cond |A|Z FHNZHET H2MLERHY, =
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FEpT N X B B K A A ON Fe/ S [E A
ZZ T,
RHRIRBLIR AT Z Epgig &30 &AM Egyig 13
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Epgig 75 cond |A|ZZ LG [WIZETH 5.
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—EDOIT Y EROOT HGIE, HMAREEOT A
ThoH. —HFEHEHEHRTIE, HE - KEZHAOmE
EOP I & B ABOT I & 2 VIS 503k &
NHDT, AT T CII PR ERNA AR Z
CIXEBATHS. Inbo@EEHEHOESRE)IHE
F D ALY B O I E g R H B
B, JIHET TN EOfrEfM T2 525 2 &
HEETHY, ZHICE->TIILDTEELELD S-
model DFENT FIENFH L2 5.

3.2. 2 BWADH R~ DERIRIE

bR LT LB, MR VNI Epgg 1ERIME~ b
U7 A ADFEMH cond [A|IDKE ENLERE S
5. iR, HBRERIEDOMRTHRE FIIMT T A —
X DENT XD H M Efiig DL, ThbbiH
FREEOKTRBEIND ik s Ty, LT
WA
[ fEATAS FE DR B O ZE K ]

(1) ARBEZTFTLONEEKERKELT DL,
ZfE ¥ cond Al K& L 20, HEHIK
Epig l3/NE <72, 2L, aEEoK
IXENLRSOT Fr IS JIFEHT D B NG E % [A]
EEHLZEITEMOEETHD.

(2) BERBREMEV (7 AT REA/NEW)
BHEREHND &, KM cond Al K & <
5.

G) Mk~ ~Y v 7 2 ADREEEICEWT,
REBRBREEANER T D K5 REMOEY
FiwdhHE, K cond [AIBKEL 5.

T BEROVEmER T, BERYENCL DEMD
I HMER DT T« IS H DS HIRILDBLEEDN D, fED
WBEEZR LD ENBRED Y, ZIVCHNTREE X+
MFHE SRS, Lo, JIIHFET VO L S IZED
BB O D AWM REHZTIE, ZOEM, OF
F IS ORGEEORNZ, EEE (1) & Q) OEHHIZ X
BT~ b U v 7 2 A DHIHHL Egyrg ~RETH
BZOWTHRINTHZ LT, MO TEETHHES
Z25.

¥, WH Q) IZOoWTIXER O A NEIC 2
FHIME~ R Y v 7 AT D LN, ROBEL
BESHEDLZEIFXHOLNTEY, EROEMFERIZ
ZHUTIHR D 2 ENEL, NFHFET LTS 2L Rk
LT 5.
3.2.3EfL - BT H - i DKL

IR TE 7280, ABFETIE, I - EA
PR LI EEBIE Y 2 2T RICESD, 130 25,
JIFEFT L (Uc-model) = L CHHEESHE (4 A4
BT AV RT AN v 7 HR) 2T, EELS
BB ET AT N ENRNT A= —L L —
AABT 4 — % Eh L, ﬁiﬁﬁfi&Eﬁig Z LCEN
LA NVARNDS 7 Fg i N AR
.3 BEREHICKDEDMEL

%, Timoshenko 130 DRI I THE R
FEChLEEN, Y, rn—TIZBT5HhFmE
P BB ER T, i 7-baiy OEREEE L
THHRL, BAE2HNT 5 FEARRT LTV,

SO0, oo MEN w & ABIENW & O
5 4T 2 R U721 e 70 (Uc-model) %
W EERD OE AT 2 SITEH L TW 5. B
-G o [ 2 i O i 7 1 B w & AW W L
Tlzbdv & RlEEA ¢ Z [FRFICFERREE L T3,
Befgiam L " T LR ORI TIEEZ TR AR, #hhmAs
MW D> BN 2 HiH) L CIEEff & RdD TV 5.

JBEIE O fEAT CIE, 5 4 T % 48 L 72 Uc-model %
AW T WA 02, Femodel |IZBI1FABIEE—FT
DIFEDFER % BENLDOFEFI D DIRE SN D N E D D
A ITHEE SN TV ARV, ER TN, BALOH
FNTAE~ NV v 7 208K EFEETHY, WMitk~
N w7 ZOERAIZRT AR B D, FE DI,
R ORMERITE A Fe-model (23 H LC, Wt~ U v
7 ADHBHECHIEE— R FTOREEZITH. &



HIZX, ZALOHEK Z HE L7 Uc-model Z i L C,
FRDEBSLER T AT NS H I ESOENL &
OFH - IS HEZA DB O HRET 2 2 L L5,
AR, B0 dhiF RIS AN A E
A LTI BT MHE BN & RLA TN IEET
JVORER E ZORFEFIEIZ DWW T TE 2. &
%1%, Thibo TEEMNT L, £ OMEER R b3
FEODRRLTWSEMa 7 U — FEARNIY E
TV (S-model”) DOEBEEEIZEDZ L LT 5.

4. £&H

JUFHE - AT, MBI 0 AN ZEA L
72D =TS, S HICEAREN ZIAATZE
Wrizv e ?zERMb L. 20T LET
AN X —FEIZ IS B RADO A IRER DO TR
TLINTWDHN, 1) £EHEIEA M H 3 5 Fe-model
& 2) WhJTMZENL & AW AL DY A SR L 72 Uc-
model 23T HNTWD.

EHE LI, ERo)ilHET v (Fe-model) (8K
Eary ) —MEOTRY BMIAL, Bl 28w
a7 Y — b EAKIEY OFEESE (S-model”) %
B L7, L LA D, 2@ S-model & )IFEF
)b (Fe-model) HH %7 —AAXT 4 — L&A,
fih 7 ZE0T & AT ZENL DR S, fiR D8 B & A
SHHZEWNTRENTE. ZOZLE, BEELETIL
DOKEFERRRED RN FE T /L OB R IE O Bl & fif
MRS ORRGES B 82 Z L 2R LTV 5.

XY, ARETIINHET VORMBEZP 62N
L CEORGETIEE M L, O Emilicfith
oo BEEFIEE LTI, D) WItE~ RNY v 7 2D
¥ (Zr7) OFEE, 2) Bt~ Y v 7 20 %%}
FREAEARATIC KL D OTERE & L ORI D
AT, 3) BEHRSEIE L ERT ALY MER, EL
EOT T« ISINT AT TR, 4) BALOMEHKINZ L D
Fe-model Ofif DL EALDIFMT 72 ETh 5.

AREOAT TV =X [/ —F] LTRSS
AKFEH > THON TR Z BT 5 Z &3 L
TV, AT, MEdsd THERGEDR R & %
DBLEIZON Tk T2 TETND.

25 3k
D Ffm&ER, sled, k- o A5keH

We R AUBIZERL A E TR D ZALIA AT RC T
DET VORI, BRGS0 E S
ZEHEAE No. 93, 2020.6

2) NHBE, BAEE - RHEGBOKELICEY
L, Z0-B (2D 5) —ROTE ARG
(Bt) — , ZEPERFSE, Vol26,N0.9,1974.6

4) JNHEBE, FREE, thEERE - AR
(2 K 2 Bk Bl R O IR SE MR, EPEN
%2 Vol.35,No.8 (1983.8)

5) BERFERG - BRI EEMAT , BEJEEE , 1990.6

6) KM, ARG HRIZVERICL D
wE g g H oA RERMITE, AARREEYS
R R ah U 4E |, No.453, Nov. 1993

7) BEFRHL, AR BRI EREOEE
MERF~OBEMICEAT 2 RF —ERNIT Y&
BRI XL D EE e oG ICB 9 2 e
(2D 2) —, BHABREFSHEIE R SCREE,
No.467,Jan. 1995

8) Timoshenko S.P.,Goodier N. : Theory of
Elasticity,McGraw-Hill Co.,New York, 2nd ed,
1951

9) BN R, FHIEA, NILEKH, fEER -
BEEAMNS O BEEZZE LI-FEY 2
QLA O TRVBPERAT , B AR F SIS R
SCHEF L 570 5, pp.69-76, 2013.8

10) BHA AR« = VX JFEE AT FIRCH 2 R,
Bz JEAE , 1982.6

11) MSHIE - HREETM OBEBLE T LI X
D S EAEYT , A B R EER ST, 1992

12)BHA—BR, EAEM HREREME AN KTy
7 1 ELHEfR 56 7 R, BEEUE , 1990

13) el GR) - AIRERIEOLMEEIE 2 Wl
AT, BEEEE, 1982.2
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7, AL, 1989.12
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FRAFEDO D OMEKIE, il Lyam ik,
1993.3



	紀要40号－表紙校正版.pdf
	R6①.pdf
	R6②.pdf
	R6③.pdf
	R6④.pdf
	R6⑤.pdf

